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TheLie seriestechniqueisapplied to solve aclass of nonlinear differential equations. We show that
itincludes al so the dynamical integration technique. Differential equations with chaotic behaviour are
also considered with this technique. Finally first integrals and the Lie series technique is discussed.
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The Lie series techniqueis a powerful tool to solve
systems of linear and nonlinear ordinary differen-
tial equations [1,2]. Consider, for example, the au-
tonomous second-order ordinary differential equation

d?x dx

@+g(x)a+ f(x) =0,
whereg and f areanalytic functions. Thisequationin-
cludes many limit cycles systems, for example the von
der Pol equation. The equation can be written as asys-
tem of first-order differential equation:

dx

& e

adx:

HZ = —g(x)%2 — f(xa).

To solvethis system, using the Lie seriestechnique, we
consider the vector field

0 0
V= Vl(Xl,Xz) 8_x1 +V2(Xl7 XZ) a_Xz

d
=Yg+ (—9(x0)x2 — f(xl))a_&’
given by this system of differential equations. Then
for sufficiently small t the solution of the initial value
problemis given by the Lie series

Xl(t) = etVXl‘xlle(O),xzzxz(O)» (1)

Xo(t) = etvxz\x1=x1(0),><z=><z(0)'

In the standard approximation, e is expanded up to
acertain order in t [2]. If we expand e up to t, we

obtain Euler's method. If we expand it up to t2, we
obtain the map

t2

x1(t) =x1(0) +tVX1‘x—>x(O) + EV (V(x1)) |x—»x(0);
t2

X2(t) = %2(0) +tVX2‘XHX(o) + EV (V(x2)) |XHX<0>.

Here we consider the approximation

dV — dVi+Vo) o dVigVa )
Thisis an approximation, since

[tVitVa] = t2[Vi, Vo] # 0

i.e., we do not expand e with respect to t. We also
consider extensions, where we take into account that
[V1,V2] # 0. However, for sufficiently small t it pro-
vides agood enough approximation. Obviously the op-
erator €V islinear. We have

dVoy, = (g0~ 100))0/dxey, — x

évlév2x1 = élel = etxZa/aXlxl = X1 +1tXo,

dVax, — d(-90a)xe—f(x1))9/dxoy,

e*tg(xl) -1

= %€ 1900) ¢ £(x
? Ga) 9(x1)

)
etvletVZXZ — Xzeftg(lertXZ)
e tala+txe) _ 1

(X X)) — =
(X1 +1tx2) 90T 00)
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Here we used that if hy(x) and hy(X) are analytic func-
tionswe have

echl(x)hz(x) = hl(e‘Vx)hz(eth).
We can also write

VigVay, = xoe 19001 _t £ (x; 4 txo)

t t? ,
1590 + 50 xa) = )
Thus we obtain the map

x1(t) = x1(0) +tx2(0),

- (eto0at) — 1)
Xo(t) =xp(0)e™ %)+ f () — e

or
X1 (t) = x1(0) +tx2(0),

Xa(t) = X2(0)e ™19t _t £ (xy(t))

2
(1~ goa)+ eroac) ).

Brown and Chua [3] used dynamical integration to
solve (1). They provided the map

x1(t) = x1(0) +tx2(0),

Xo(t) = X2(0)e 1901 M) —tf (xq (1)).
This is a special case of the case given above, if we
expand
etalx) _ 1
g(x1)

up thefirst order int.

Consider the special caseg(x) = e(x? — 1), f(X) =x
(van der Pol equation) with € > 0. Then we obtain the
map

x1(t) =x1(0) +tx2(0),

f(x1) ~ —tf(x)

(e teCdM-1) _ 1)
e(g(t) 1)
The van der Pol equation has only one fixed point,
namely (xi,X;) = (0,0). The map given above pre-
servesthisfixed point. If € > 0O, then the fixed point of
the system of diffential equations is unstable. For the

Xa(t) = Xp(0)e T |y (1)
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map we find the same behaviour. For the case g(x) = &
and f(x) = x we have alinear eguation (damped har-
monic oscillator) and the system of differential equa-
tions can be solved exactly using the Lie series tech-
nique, wheret € [0, o).

Next we extend the differential equation described
aboveto

2
O a0 5+ 100 = hit),

where h(t) = kcos(wt) is an external force. We can
write this equation as an autonomous system of the
first-order differential equations

% = X2,
dX2 .
Fal
dX3 .
Fa
Thus we have the vector field

—g(Xl)Xz — f(Xl) + kCOS(X?,)7

0
V= V1(X1,X2,X3)a—xl

0 d
+ Vi (X1, X2, X3) A +V3(X1,%2,X3) A

d d d

= X28_x1 + (—9(xa)%2 — f(xl))a_xz + w%
given by this system of differential equations. We find
the commutators

d 0 ]
_Vla_)(l’w%_ :O
and
[, o 0 ] . d
_Vza_)(27 (Da—x3_ = (Dksn(X3)a—X2.

We use the approximation
&V ~ &Vogig2,
Straightforward calculationsyield
dVay, = g(-90x)xe—Tlx) tkeos(xg))d/dy, .

évléV2x1 = élel = e‘XZa/axlxl = X1 +1Xo,

év3évléV2x1 = X1 +1Xo,
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Vay, — gl(~90)xe—f(x1) +koos(x3))0/ ey,

e—tg(xl) -1

— Xpe 190 4 f(x
’ ba) 9(x1)

¢
+kcos(x3) ox

e tolxa+txe) _q

évléVZXZ = Xze_tg(xl+tX2) + f(Xg +tX) —————
( ) (X1 +txo)

da(xi+txp)—1
g(x1+1tx) ’

ethetV]_etVZXZ _ Xzeftg(lertXZ)

e*tg(leFtXZ) -1

g(X1 +1x2)
dalxa+txp)—1

g(xg +txo)

+ kcos(x3)

+ f(x1+tx2)

+kcos(xz + wt)
Thus we obtain the map
x3(t) =x3(0) + wt,
x1(t) =x1(0) +tx2(0),

] ., (etabalt) _ 1)
Yo (t) = %p(0)e 190 ®) 4 f(Xl(t))W
o) g 1)
For f(x) = xand g(x) = &(x* — 1) we have
X3(t) = x3(0) + ot,

x1(t) =x1(0) +tx2(0),
(e—ts(xf(t)—l) —1)
e(4(t) - 1)
ge0d)-1) _ 1
e(d(t)-1)
For the values k = 5.0, a = 5.0 and @ = 2.466 there
is numerical evidence [2,5] that the system shows
chaotic behaviour.
The approximation can be improved if we take

higher order commutatorsinto account [2, 4, 6], for ex-
ample

Xo(t) = X(0)e O L xy (1)

+keos(xa(t))

exp(t(V1+Vo)) = exp (%tw) exp(tVs)
©)
-exp (%M) +0(t3).
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Fig. 1. Phase portrait in the x; — X, plane.

As an example, consider a Lotka-Volterra model with
three species (X1, %2, X3 > 0):

% = X1X2 — X1X3
dt 9
dX2
o = XpX3 — X1X2,
dX3
o = X3X1 — X2X3.

It describes the interaction between three species,
where species 1 feeds on species 2, species 2 feeds on
species 3 and species 3 feeds on species 1. The model
is of interest since it admits two first intgrals, namely
[1(X) = X1 + X2 + X3 and 12(X) = Xgxox3. The fixed
points of this system arethe manifold { (X1, X2X3) : X1 =
X2 = X3}. From the constants of motionsxs + Xz + X3 =
Cy1 and x3xox3 = Cp, whereCy > 0, C, > 0 and stability
analysis we find that the system admits closed orbits
as solutions. The map x; — eV3eV2dVix;(j = 1,2,3)
preserves the fixed point of the original system of dif-
ferential equations. The vector field corresponding to
our Lotka-Volterramodel is

0 0
V = (XX — X1X3) o + (XoX3 — X1X2) A

+ (X3X1 — X2X3) a_X3 .
Thus

etV(X1+X2—|-X3) = X1+ X2+ X3,

é VX1X2X3 = X1X2X3.

Let

Vi = (X1X2 — X1X3) v
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]
Vo = (XoX3 — X1X2) Ev

0
V3= ()@,Xl — X2X3) a_X3
Thenwefind

eV1eV2eV3 (xy + o+ X3) = (X1 + X2+ Xg) (14 O(t?))
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